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The solution for interlaminar stress distribution in an adhesive layer within a bonded 
structure is highly complex due to the predominantly inelastic nature of the polymeric 
adhesive. The present study attacks this problem using a nonlinear finite-element method 
and an empirical effective-stress-strain relationship derived experimentally for a typical 
epoxy adhesive loaded at a constant strain rate. The stress distribution in the critical zone 
of the interlaminar layer of a symmetric doubler model is presented. 

INTRO D U CTlO N 

Numerous publications are available on analysis of the stress distribution 
within the interlaminar adhesive layer (IAL) of a structural bonded-joint 
model. Most of the earlier works'-' are based on certain assumptions (such 
as uniform shear and a normal stress distribution throughout the adhesive 
thickness) which facilitate a closed-form solution. These simplifications, 
however, yield only average stress data and make for certain inconsistencies 
in the equilibrium equations; some of them are incompatible with boundary 
conditions at the edges. More recent works try to get around the analytical 
complexity of the problem with the aid of numerical methods such as finite 
differences' and finite eleinent~;~-'' the latter, in particular, yield the two- 
dimensional stress distribution within the adhesive layer for models of 
i s o t r o p i ~ ~ * ~  and o r t h o t r o p i ~ ~ ~ ~ ~ ' ~  adherends. These solutions are in agree- 
ment with the equilibrium and boundary conditions of the structural model 
but are confined to linear elastic cases. 

253 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
4
4
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



254 S. GAL1 AND 0. ISHAI 

By contrast, the polymeric adhesives commonly used in the interlaminar 
layer are characterized by nonlinear stress-strain behavior, even at relatively 
low stress levels. This behavior is even more pronounced at high stress levels, 
culminating in a plateau which may be termed “macro-plastic” yielding (see 
Figure 1). A simplified elasto-plastic mode110-12 may give an approximate 
upper bound to the real solution, but this is inadequate if we recall that under 
service conditions the material is not allowed to approach this level, while in 
the critical region of the adhesive, the stress is mainly in the nonlinear range. 

The viscoelasto-plastic behavior of the adhesive, reflected in its sensitivity 
to time and temperature, also contributes to the complexity of the problem. 

The present work, a preliminary attempt at a solution of stress distribution 
in a symmetric doubler model, is confined to the two-dimensional case and to 
constant temperature and strain rate (time) loading conditions. 

CHARACTERIZATION OF THE ADHESIVE 

Structural aluminum and a typical epoxy resin were selected as representative 
examples of a linear adherend and a nonlinear adhesive respectively. An 
effective-stress-strain relationship for the epoxy resin (Figures 1 and 2) was 
derived from the uniaxial stress-strain curves obtained by tensile and shear 
test data. The derivation is based on von Mises’ deviatoric-energy yield 

FIGURE 1 Effective-stress-strain relationship and related properties for epoxy resin 
used as adhesive layer. 
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STRESS DISTRIBUTION IN AN ADHESIVE LAYER 255 

criterion’ in which S-the effective stress, and e-the effective strain, given 
for a general state of stress, are: 

S = C,[(O;-~,)~ + (gy- 0,)’ + (0, - 0,)’ + 6(2:, + T ; ~  + 2,”,)]* (1) 

(2) e = C,[(E, - E , ) ~  +(cy - &,I2 + (E, - cJ2 + 6(4 ,  + c,?, + &)lf 
where 

Yij 
E l j  = - 

2 ‘  
c, = J2 - *  42 . 2 ’  c 2 = -  

2(1+v)’ 

The above formulations are reduced to Eqs. (3) and (4) in Figure 1 for the 
simple cases of uniaxial tensile and pure shear states of stress, respectively. 

S( -- - - 

EFFECTIVE STRAIN (%) 

FIGURE 2 Effect of effective strain on variation of effective stress, Poisson’s ratio and 
tangent and secant moduli of epoxy resin used for adhesive layer. 
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256 S. GAL1 AND 0. ISHAI 

The effective tangent, E,, and secant, E,, moduli, and the effective Poisson 
ratio, v, as well as the effective stress, S, are plotted against the effective strain, 
e, in Figure 2. 

Three regions may be distinguished along the effective-stress-strain curve, 
namely : 

1) An almost linear region up to the proportional limit, S,, through which 
v is almost constant. 

2) A nonlinear (probably viscoelastic) region characterized by an increase 
in v, up to the yield-plateau level, S,. 

3) A macro-plastic flow region beyond which stresses are almost constant 
and even tend to drop at higher strain levels; v is again almost constant and 
its “inelastic” component tends to the value of 0.5 which is the theoretical 
limit for an incompressible-flow regime. 

c- 2 h l - - - -  ---X--- 
CENTRAL ADHEREND LAVER ( C A L )  

MODEL REPRESENTATION 

centrol 

IAL behavior is most conveniently illustrated by the symmetrical doubler 
(SMD) model shown in Figure 3 and described in Ref. 8, including the two- 

FIGURE 3 Syinmetric doubler model. 

dimensional linear elastic solution for the relevant stress distribution. The 
analysis focuses on the “boundary” edge zone where stresses attain their 
critical value; the corresponding finite-element network is shown in Figure 4. 

ANALYTICAL PROCEDURE 

The plane-stress and plane-strain states, which may be considered as bounds 
to the three-dimensional solution, represent the situation close to the free 
edges of the doubler width ( y  = f b )  and along the midsection ( y  = 0) 
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STRESS DISTRIBUTION IN AN ADHESIVE LAY- 257 

-plane strain 
-----plane stress 

viscoplartic region at Q:59kghm2 

- extcrnal uniaxial - tensile dress UC 

FIGURE 4 Illustration of IAL network at boundary zone used for finite element non- 
linear stress analysis. 

respectively. The procedure for determining the stress distribution in the 
boundary zone under a given external uniaxial load follows the flow chart 
in Figure 5 and consists of the following steps: 

1) Apply a predetermined external stress, cC, to the central layer. 
2) Calculate the effective strains, ek, and stresses SLY (Eqs. (1) and (2) 

respectively) for the different elements of the FE network, using the linear 
FE program described in Ref. 8 and assuming a uniform initial effective 
modulus, E,,, for all adhesive elements. 

3) Determine the specific secant modulus, E;, for each element (using the 
experimental relationship given in Figure 2), according to the corresponding 
effective strain, ek, calculated in Step 2. 
4) Rerun the program (steps 1 and 2) with the modulus for each element 

modified as per Step 3. 
5 )  Compare the calculated stress, SL (Eq. (1)) for each element as derived 

in Step 4 with the “empirical” value Sk obtained from the effective-stress- 
strain curve. 

6) Repeat Steps 3-5 until the difference between the calculated 5‘4 and 
“empirical” Sk stresses drops below 2 % of the final stress value. 
The procedure is illustrated in Figure 6 for a representative element k. 
Convergence, in the case of plane-strain, was achieved in a smaller number 
of iterations than on that of plane-stress (Figure 7). 
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EXTERNAL LOADING 
P 

uc = & 
U C  

E C  = - 
EC 

5, = 2 = const, 
dc 

- 

LINEAR F .E .M.  PROCEDURE 

t 
I ‘kn (‘xk,‘yk,’Ixyk)ni ‘kn (Exk,Eyk,Exyk)n I 

1 

EFFZCTIVE STRESS sin - s(akii) ; EFFECTIVE STRAIN ekn - e ( ~ ~ ~ j  
(eq.1) (eq.2) 

I 
IS THE EFFECTIVE STRESS ABOVE PROPORTIONAL LIMIT -Sa 

CRANGE I N I T I A L  ELASTIC MDDULUS I- TO EXPERIl40NTAL SECANT ONE 
s %  Ekn ekn 

YES 

PRINT MR ALL ELEMENTS: ckn, Uknt akn 

FIGURE 5 Flow chart for stress analysis of interlaminar adhesive layer in nonlinear 
range. 
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FIGURE 6 Illustration of FEM procedure for stress analysis of IAL in nonlinear range. 
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Lower effective stress and strain were found for plane-strain compared 
with plane-stress, while the opposite was the case regarding the shear (rzxo) 
and lateral normal (a,) stress in the nonlinear solution (Figure 10); in the 
linear solution there was no significant difference. 

The shear-stress distribution for cc = 53.3 kg/mm2 is shown in Figure 11. 
Here again there is no significant difference between the plane states, except 
at  the critical location (see Figure 4). Similar trends are seen for the lateral 
normal stress (Figure 12). 

In most cases, the effective stress tends to level off and even drop faster in 
the plane-stress state. 
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FIGURE 9 Effect of central loading on effective strain at critical point (see Figure 4) in 
boundary zone of IAL. 

FIGURE 10 Effect of central loading on shear and normal stresses at critical point (see 
Figure 4) in boundary zone of IAL. 
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STRESS DISTRIBUTION IN AN ADHESIVE LAYER 263 
The effective-stress distribution at the boundary zone (Figure 13)t permits 

evaluation of the ductile failure process of the IAL. The region of “visco- 
plastic flow” includes the elements where the effective stress or strain exceed 
their prespecified limit,$ as shown in Figure 2. For the specific load level of 
the present case, this region is located close to the lower edge of the IAL 
(Figure 4). 
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FIGURE 13 Effective stress distribution at boundary zone of IAL (nonlinear range). 

COMPARISON WITH SIMPLIFIED ELASTO-PLASTIC SOLUTION 

A simplified elasto-plastic model of the stress-strain relationship (Figure 2) 
has substantial advantages over the more realistic nonlinear one, in that it 
reduces the parameters for describing the complex inelastic process to two- 
the initial effective elastic modulus, E,, and the effective-yield-stress plateau 
S,. It also permits inclusion of the strain-rate and temperature-dependence 

t The dashed lines are an extrapolation based on boundary conditions of zero stresses 

$ This limit may be defined as the level where initiation of residual deformation was 
at the upper edge point (IV) and the upper bound of Sfat the lower edge point (I). 

detected. 
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FIN URE 14 Effect of central loading of doubler on effective stresses at critic;. point in 
boundary zone of IAL (plane-strain, simplified elasto-plastic vs. inelastic solutions). 

Uc = 53.3 kglmm* 

0.98 0.99 1.00 
NONDlMENSlONAL AXIAL COORDINATE 1.9 

FIGURE 15 Shear stress distribution at boundary zone of IAL (plane-strain, simplified 
elasto-plastic w. inelastic solutions). 
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1 I I I I 1 I 
0.99 1.00 

NONDlMENSlONAL AXIAL COORMNAE Is$- 

FIGURE 16 Lateral normal stress distribution at the boundary zone of IAL (plane- 
strain, simplified elasto-plastic us. inelastic solutions). 

in the analysis, provided their effect on  the effective parameters are avail- 
able11*12.14. The three stress distributions based on this model (Figures 14 
to 16) show that while there is no significant deviation from the exact solution 
at the critical location (see Figure 4), there is some farther away from the 
edges. 

CONCLUSIONS 

1) A nonlinear FEM procedure was applied for determining the two- 
dimensional stress distribution within the interlaminar adhesive layer of a 
doubler model. The results can be used to predict a “visco-plastic” ductile 
failure mode within the adhesive, provided its effective inelastic stress-strain 
behavior and the corresponding failure envelope are available. 

2) A significant difference in stress distribution was found between the 
linear and nonlinear solutions at the critical boundary zone close to the IAL 
edges. The assumption of plane-stress leads to a higher effective stress level 
and more conservative results where failure is concerned, compared with the 
plane-strain state. 
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266 S. GAL1 AND 0. ISHAI 

3) A simplified elasto-plastic stress-strain relationship leads to a stress 
distribution similar to that obtained with the more realistic nonlinear stress- 
strain curve, in the critical zone. 

4) The present study is a first step towards more general nonlinear numerical 
analysis of bonded structural systems. Future research will consist in time- 
dependent, nonlinear stress analysis of the IAL (with regard to the viscoelasto- 
plastic nature of the polymeric adhesive) and will also concern environmental 
effects (temperature, moisture) on the above time-dependent modes of 
behavior. 
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